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11 
The Rayleigh-Schrodinger p e r t u r b a t i o n  e n e r g i e s  E fo r  t h e  n 

1 
groind S s t a t e  of t h e  Hooke law model atom a r e  c a l c u l a t e d  through 

t e n t h  o r d e r .  The En a r e  expressed a s  s i n g l y  i n f i n i t e  sums whose 

terms a r e  obtained from recu r rence  r e l a t i o n s  Very slow convergence 

l i m i t e d  t h e  method t o  E and below, 10 

The r e s u l t s  a r e  compared with those  of Midtdal (1965) for  

he l ium- l ike  atoms, and i t  appears t h a t  the convergence of t h e  Hooke 

series is  more r a p i d .  However, no p e r s i s t e n t  p a t t e r n s  a r e  observable  

i n  t h e  Hooke En through E10 
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1. Intraduct i .cn 

The Hooke's law model for  a two-electron atom i s  e s s e n t i a l l y  a 

hel ium-l ike atom i n  which the Coulomb a t t r a c t i o n  of t h e  nucleus i s  

r ep laced  by a Hooke's l a w  fo rce ,  r e s u l t i n g  i n  t h e  Hamiltopian 
1 

2 
I n  atomic u n i t s  (e=$=.tbl=~)~ l e t t i n g  t h e  frequency z 

= 1 f Z  , and wi th  t h e  s c a l e  change r, --Q -ri/Z t h e  Schrodinger 
* L .  

equa t ion  can  be w r i t t e n  i n  the form analogous t o  the 2-reduced 

helium equa t ion  

The Hooke model atom for  helium h a s  been stud-fed p rev tous ly  by 

Kestner  and Sinanoglu' andby White and Byers Brown' i n  t h e  hope of 

z.li'ing the  s o l u t i o n  o f  t h e  Schrodinger equa t ion  f o r  helium. 
11 

I n  t h i s  

r e p o r t  w e  a r e  a g a i n  concerned with t h e  p e r t u r b a t i o n  expansion of t h e  

lowest e igenva lue  E i n  powers of X , 

There  i s  cons ide rab le  i n t e r e s t  i n  t h i s  series stemming from t h e  work 

of  Scherrand Knight3 and of Midtdal , who obtained a c c u r a t e  numerical  

approximations t o  the  E for  helium through 13th and 2lst o r d e r s  

4 

n 

1 



5 
r e s p e c t i v e l y .  S t i l l i n g e r  has  =sed  these  r e s u l t s  t o  deduce t h e  n a t u r e  

and p o s i t i o n  of t h e  s i n g u l a r i t y  determining t h e  r a d i u s  of convergence 

of t h e  s e r i e s .  A l s o  t h e  most r e c e n t  a t tempts  t o  o b t a i n  a n a l y t i c  

s o l u t i o n s  of t he  Schrodinger equat ion  for helium lead t o  p e r t u r b a t i o n -  

l i k e  s e r i e s  fo r  t he  e igenvalue  E * 

6 

1 1  

The ob jec t  of t he  p re sen t  work i s  t o  f ind  t h e  p e r t u r b a t i o n  

for  t h e  ground s t a t e  of t h e  Hooke model. e n e r g i e s  

two ene rg ie s  a r e  easy  t o  ob ta in ,  and 

The f i r s t  
En 

E and E3 have a l s o  been 2 
1 

eva lua ted  a n a l y t i c a l l y  . 
i n t o  ord inary  d i f f e r e n t i a l  equat ions ,  t he  exac t  lowest e igenvalue  

E (  A )  i s  not known a n a l y t i c a l l y  a s  a func t ion  of . The equat ions  

of Ray le igh-Schr  gd inger  p e r t u r b a t i o n  theory  a r e  t h e r e f o r e  emp loyed 

t o  f i n d  the  En . 

However, a l though equa t ion  ( 2 )  i s  sepa rab le  

2 .  P e r t u r b a t i o n  Equat ions 

Equation ( 2 )  i s  s e p a r a b l e l Y 2  i n  c e n t r e  of mass and r e l a t i v e  

coord ina te s  

2 
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wheT,e = 1 /& and 

The e igenvalue  of (5) can be expanded as a power series i n  A , 

and t h e  p e r t u r b a t i o n  e n e r g i e s  (3)  a r e  then  given by 

where 

The per turbed  equa t ion  (5) can b e  w r i t t e n  

The lowest unperturbed s o l u t i o n  i s  
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7 
The n t h  order p e r t u r b a t i o n  equa t ion  i s  

The normal iza t ion  i s  chosen so  t h a t  <%cCc+b = 1 f o r  a l l  , or 

This  l eads  t o  an  e s p e c i a l l y  s imple form f o r  t h e  p e r t u r b a t i o n  e n e r g i e s :  

S u b s t i t u t i o n  of qfl = Fhvo i n t o  ( 1 2 )  l eads  

We seek  a s o l u t i o n  f o r  F i n  t h e  form of  a power series n 

(nl  
which leads  t o  a r e c u r s i o n  r e l a t i o n  f o r  t h e  C k  (n  3 1, k 7 O ) ,  
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which (0) - s 
'k '- kO ' Since qo i s  normalized, Fo = 1 and 

i n i t i a t e s t h e  r e c u r s i o n .  S u b s t i t u t i m  of (16)  i n t o  (13) and (14) 

y i e  Ids  

where we have used 

For computat ional  purposes i t  i s  convenient t o  re-write t h e  

r e c u r s i o n  r e l a t i o n  (17)  i n  terms of 

which leads t o  (k>O) 

where 
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(0) I To i n i t i a t e  t h e  r e c u r s i o n  we s e t  Dk= 2rr iSk0  and c a l c u l a t e  

Dk f o r  k >  1 from (22) .  Then I)(') 0 can be found from ( 1 9 ) ,  

t h a t  i s  

which al lows the  Dk (2)  

p e r t u r b a t i o n  e n e r g i e s  a r e  given by t h e  sum 

(k > 0) t o  be c a l c u l a t e d ,  and s o  on. The 

.- 
*to 

3. Analy t i c  R e s u l t s  

The f i r s t - o r d e r  energy i s  

1 
and t h e  f i r s t - o r d e r  c o e f f i c i e n t s  a r e  e a s i . 1 ~  found t o  be 



By s u b s t i t u t i n g  i n  (25) and sumrdng, or by w r i t i n g  

and i n t e g r a t i n g  , it can be shown t h a t  1 

7 

i n  c losed  form 

where C i s  C a t a l a n ' s  cons t an t .  

4.  Summation Technique 

The s e r i e s  (24 )  and (25) a r e  a l t e r c a t i n g  i n  gene ra l  (as  f o r  

n = 1, equa t ion  ( 2 6 ) )  and t h e i r  f i n i t e  p a r t i a l  sums o s c i l l a t e  

w i l d l y  and converge v e r y  slowPy, t y p i c a l l y  Like (-1 /k 
n *l, equa t ion  (27)). The eva lua t ion  of t h e  E ,  t h e r e f o r e  p r e s e n t s  

4 (as  for  

a problem, even w i t h  a l a r g e  computer, as a convergence r a t e  of a t  

l e a s t  k i s  d e s i r a b l e .  However, s i n c e  a d j a c e n t  p a r t i a l  sums - 3  

b r a c k e t  t h e  l i m i t ,  an  average i s  a b e t t e r  e s t i m a t e  than t h e  p a r t i a l  

sums themselves 

Consider t he  s e r i e s  w i th  p a r t i a l  sum 

N 

and assume t h a t  l i m i t  S = S e x i s t s .  
N+@ N 
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D e  f i n e  the  aver age 

3 

Then c l e a r l y  

- 
l i m i t  SN = S "  

N 3 - m  
( 3 3 )  

Although the sequences f S N j  and 7 ZN( converge t o g e t h e r  t o  t h e  same 

l i m i t  S , i f  t h e  terms D, a l t e r n a t e  i n  s i g n ,  

b e t t e r  e s t ima te  of t h e  l i m i t  t han  

- 
i s  a much 

sN 

. This  i s  because 
sN 

2- 

Thus, f o r  example, i f  

t h e n  

- - 
s t i l l  a l t e r n a t e s ,  'N - ' N - 1  Not ice  t h a t  i n  t h i s  ca se  t h e  d i f f e r e n c e  
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- 
'N ' 

s o  t h a t  s t i l l  b e t t e r  e s t i m a t e s  m y  be obtained by averaging the  

L e t  

Clear l y  

However, t he  sequence 

We have 

yTNl comerges  s t i l l  more r a p i d l y  t o  S . 

If ?.k i s  given by ( 3 5 ) ,  t hen  

i 3 9 )  

which converges f a s t  enough t o  j u s t i f y  computer t r ea tmen t ,  

The e v a l u a t i o n s  of a l l  t h e  sums i n  this work were done us ing  

e q u a t i o n  (37)  
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5. Conpeter Pr o g r a . ~ ,  

The grogram was w r i t t e n  4n ALGOL and r u n  a minEmum-configuration 

Burroughs B-5500 Disk Sysrerrr. It i s  convers:ve and i s  r u n  from a 

remote t e l e t y p e  console .  The number of E i n v e s t i g a t e d  and t h e  

number of terms i n  t h e  p a r t i a l  sum5 may be v a r i e d  a t  run time up t o  a 

maximum of 1020, but  i f  they r e s u l t  i n  creation o f  more in t e rmed ia t e  

d a t a  t h a n  can f i t  i n t o  t h e  coinputerqs a c t u a l  memory, the program 

becomes g r o s s l y  i n e f f i c i e n t .  Note t h a t  s i n c e  t h e  

a l l  t h e  D P ’  (k=1,2,0..), i t  i s  necessa ry  t o  r e - l u n  the  program t o  

f i n d  t h e  e f f e c t  of adding an e x t r a  term t o  t h e  p a r t i a l  sum. 

TP 

‘n) depend on DO 

The method of S e c t i o n  4 so lves  t h e  problem cf  slow convergence, 

b u t  does Rot a l t e r  t h e  l o s s  of f i g u r e s  i n h e r e n t  i n  a s e r i e s  whose 

sum i s  much sma l l e r  t han  t h e  s i z e  of t h e  indhvldual  terms, Thus a s  

t he  E g e t  sma l l e r ,  t h e i r  accuracy d e c r e a s e s .  n 

The accuracy of t h e  approximation i s  determined by observing the  

s e n s i t i v i t y  of t h e  a p p o x i m a t e  E t o  sma l l  changes i n  the number n 

of terms i n  the  summation. The l a r g e s t  number used i n  c a l c u l a t i o n s  

through E8 was 1020 terms, and f o r  Eg and E10 was 501 t e r n s .  

Although t h e  twice-averaged sums, 4 3 7 ) ,  s t i l l  appeared t o  

b racke t  the l i m i t ,  t h e r e  was no advantage t o  be gained i n  r e p e a t i n g  

t h e  averaging,  a s  round-off e r r o r s  determined t h e  accuracy of t h e  

higher  E . The use of doub le -p rec i s ion  a r i t h m e t i c  would have 

reduced the number of p o s s i b l e  terms by h a l f ,  

n 
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6 .  R e s u l t s  and Di,scussion 

Table I p r e s e n t s  t h e  c a l c u l a t e d  E def ined by (33, which 

are be l i eved  a c c u r a t e  t o  t h e  number of f i g u r e s  qJotec?, The p r e v i o u s l y  

found a n a l y t i c  va lues  a r e  l i s t e d  a s  a check, and Mid tda l ' s  r e s u l t s  

f o r  t h e  ground s t a t e  of helium a r e  given f o r  comparison t o  demonstrate 

t h e  convergence. Table I1 l i s t s  a c t u a l  program r e s u l t s  t o  demonstrate 

t h e  convergence . 

n '  

4 

I n  comparing the  Hooke and helium r e s u l t s  i n  Table V, i t  must 

be remembered t h a t  t h e r e  i s  an a r b i t r a r i n e s s  i n  t h e  cho ice  of t he  

Hook law frequency (r3 i n  equat ion (1). I f  i n s t e a d  of  s e t t i n g  

r. w =  2 , we had pu t  13 = I.% , t hen  the r e s u l t i n g  e igenva lue  

E'(JL,,h) would be r e l a t e d  t o  E(h) by 

The p e r t u r b a t i o n  e n e r g i e s  E L  i n  t h e  power s e r i e s  expainsim i n  

would then  be r e l a t e d  t o  those  for  = 1 by 

A s e n s i b l e  cho ice  for  c o m p r i n g  the  Hooke and Coulombic 2 -e l ec t ron  

atoms i s  & = 1 6 / W  = 0.565884, which was used by Kestner and 

Sinanoglu . This  va lue  minimizes t h e  1 - e l e c t i o n  atom energy f o r  a 2 

Gaussian t r i a l  wave f u m t i o n .  However, t o  compare t h e  r a t e  of 

convergence t h e  most n a t u r a l  choice i s  t% = 1/3, which makes 



1 2  

E '  = 1 z -E The r e s u l t i n g  c o e f f i c i e n t s  E c a l c u l a t e d  from 

( 4 2 ) ,  a r e  given i n  the  t h i r d  column of: Table 1. 

0 o 0  n 

The fol lowing f e a t u r e s  emerge from t h e  comparison of t h e  t h i r d  a d  

&& columns of Table  1 :  

( a )  The r a t e  of convergence i n  the  HocTke case  appears  t o  be a 

good d e a l  more r ap id  than f o r  helium, 

(b)  Whereas t h e  helium E a r e  a l l  nega t ive  a f t e r  E g  9 no n 

p a t t e r n  appears  t o  have s e t  i n  fo r  t h e  f i r s t  e leven  Hocke E '  . n 

( c )  Whereas t h e  r a t i o s  r = En/Enml f o r  t h e  helium inc rease  
n 

s lowly  and s t e a d i l y  a f t e r  n = 6 t h e  Hoske raticas show no p a t t e r n .  

1 
The asymptotic behaviour of E ( X )  appears  t o  be 

5 and (compare S t i l l i n g e r  ) 

It i s  t h e r e f o r e  c l e a r  t h a t  t h e  power s e r i e s  ( 3 )  must have a f i n i t e  

r a d i u s  of convergence, say  h, 
n a t u r e  of the s i n g u l a r i t y  a t  1, Equat ion ( 4 3 )  sugges t s  t h a t  

t h e  s i n g u l a r i t y  may be  a branch p o i n t  of order  

t h e  p e r t u r b a t i o n  e n e r g i e s  through 

informat ion  about t he  s i n g u l a r i t y .  From M i d t d a l ' s  a c c u r a t e  

v a r i a t i o n a l  va lues  for  t h e  E of hel ium through n = 21,  n 

The ques t ion  a r i s e s  as t o  t h e  

2/3. Unfor tuna te ly  

do n o t  appear t o  provide  any E 1 O  
4 
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S t i l l i n g e r ’  was a b l e  t o  deduce the e x i s t e n c e  of a branch po in t  

s i n g u l a r i t y  of order  about 6/5 (1.206 _+ 0.03) a t  A,= 1.1184 

On t h e  o t h e r  hand, t h e  Hooke model i s  descr ibed e s s e n t i a l l y  by an 

0.003. 

o r d i n a r y  d i f f e r e n t i a l  equa t ion ,  (5), and should be s u s c e p t i b l e  t o  

r i g o r o u s  a n a l y s i s .  Although t h e  Hooke model i s  bound f o r  a l l  , 
whereas t h e  hel ium-l ike atom i s  unbound f o r  l a r g e  p o s i t i v e  

a n a l y s i s  of t h e  

c l a r i f y  t h a t  i n  helium. 

>\ , 
1, s i n g u l a r i t y  i n  t h e  Hooke case  may h e l p  t o  
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